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Fig. 1. Our method makes it possible to render feature lines in the presence of physical effects such as depth-of-field blur, glossy reflections, and dispersion.
This scene was rendered with a spectral renderer, and demonstrates the robustness of our method even in physically complex rendering scenarios.

Feature lines visualize the shape and structure of 3D objects, and are an
essential component of many non-photorealistic rendering styles. Existing
feature line rendering methods, however, are only able to render feature
lines in limited contexts, such as on immediately visible surfaces or in
specular reflections. We present a novel, path-based method for feature
line rendering that allows for the accurate rendering of feature lines in the
presence of complex physical phenomena such as glossy reflection, depth-
of-field, and dispersion. Our key insight is that feature lines can be modeled
as view-dependent light sources. These light sources can be sampled as a
part of ordinary paths, and seamlessly integrate into existing physically-
based rendering methods. We illustrate the effectiveness of our method in
several real-world rendering scenarios with a variety of different physical
phenomena.
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1 INTRODUCTION
Feature lines are an important part of many Non-photorealistic Ren-
dering (NPR) styles, such as those used in comic book illustrations,
animated films, and technical drawings. They help visualize the
shape and form of objects, and can be used to emphasize impor-
tant geometric details. More technically, feature lines are a view-
dependent visualization of the geometric properties of 3D objects
such as contours, edges, creases, and discontinuities.
There is an extensive amount of existing work on feature line

rendering [Bénard and Hertzmann 2019] that generally falls into
two categories: object-space methods and screen-space methods.
Object-space methods work directly on properties of the objects,
such as surface curvature, and their computational cost scales pro-
portionally to geometric complexity. Screen-space methods operate
on intermediate screen buffers, or even directly on final rendered
images, and scale proportionally to the pixel resolution, making
them efficient for geometrically complex scenes.

One particular subset of screen-space feature line rendering meth-
ods, those based on ray casting, are particularly attractive for their
rendering quality, sub-linear scaling proportional to geometric com-
plexity, and ease of integration into modern rendering workflows.
Unfortunately, existing ray-based methods are limited to rendering
feature lines for immediately visible surfaces and specular reflec-
tion and refraction, and have difficulty rendering feature lines in the
presence of physical effects such as glossy reflections, depth-of-field,
and dispersion.
Physically-based Rendering (PBR), on the other hand, handles

such effects as a natural consequence of a physically correct for-
mulation. PBR simulates how light behaves in the real-world by
considering all of the different paths light can travel between a
virtual camera and light sources [Veach 1997]. Each path captures
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the different emission, scattering, and absorption events that make
up a wide variety of physical effects, and, conversely, effects that
can be modeled as such events can be naturally incorporated into
PBR methods.

We propose a novel path-based method that merges feature line
rendering and PBR by modeling feature lines as view-dependent,
implicit light sources. We observed that existing ray-based methods,
when viewed in the context of paths, essentially treat feature lines
as a light source. By treating feature lines as a light source, and
testing for intersection at each edge of a path, we can construct
ordinary paths that preserve the look-and-feel of existing methods
while also supporting new physical effects. Furthermore, since they
are ordinary paths, we can directly leverage the capabilities of exist-
ing path-based PBR methods, and integrate feature line rendering
seamlessly into modern renderers [Pharr et al. 2018].
We implement our method on a spectral renderer, and empiri-

cally demonstrate how our method plausibly renders feature lines in
the presence of several physical effects including glossy reflections,
depth-of-field, and spectral dispersion. We compare our method to
the existing ray-based methods of Choudhury and Parker [2009];
Ogaki and Georgiev [2018], and additionally demonstrate how vari-
ous aspects of our method can be controlled artistically.

2 BACKGROUND AND RELATED WORK
In NPR, we are interested in generating images that contain expres-
sive visuals and effects. These effects are often artistic in nature and
generally do not follow the laws of light physics. One such effect is
feature lines, which uses 2D line primitives to express the shape and
form of 3D objects. Visualizing these lines plays an important role
in certain types of visualizations and artistic media such as comic
books and animated films.

2.1 Feature lines
Feature lines can be drawn to express the silhouette of an object
and sharp changes in surface curvature [Saito and Takahashi 1990;
DeCarlo et al. 2003, 2004], apparent ridges and valleys in the surface
[Ohtake et al. 2004; Judd et al. 2007], and even sharp changes in
lighting [Lee et al. 2007]. They, in general, represent extremal values
or discontinuities in some measurable quantity of an object. There
are two general categories of feature line rendering methods: object-
space and screen-space.

Object-space methods work directly on object geometry. DeCarlo
et al. [2003, 2004] introduce an object-space method (and an image-
space variant) for visualizing shape-suggesting contours by placing
feature lines at the locations where the radial curvature of the sur-
face geometry is zero. Similarly, Ohtake et al. [2004] visualize ridges
and valleys in object geometry by fitting an implicit surface and
estimating the first and second order curvature derivatives, and Judd
et al. [2007] visualize apparent ridges of an object by computing the
view-dependent curvature and placing feature lines at the locations
where it is maximized. While effective, object-space methods can
become computationally expensive as the geometric complexity
increases.
On the other hand, screen-space methods work directly on an

image or a screen-space buffer, and their computational cost scales

with the number of pixels, independent of the complexity of the ge-
ometry. Saito and Takahashi [1990] highlight the geometric qualities
of a rendered image by placing feature lines along edges detected
in a screen-space buffer. Lee et al. [2007] visualize contours of an
object by rendering a tone image and placing feature lines along
the boundaries of shaded regions. Rather than storing an explicit
screen-space buffer, Choudhury and Parker [2009] present a screen-
space post-process that uses ray stencils, a variant of cone tracing,
to estimate if a contour falls within each pixel. Ogaki and Georgiev
[2018] extend the method of Choudhury and Parker [2009] to re-
use cached shading ray samples for contour detection and support
specular reflection and refraction.

Several other works address challenges in feature line rendering
including, specular reflection and refraction [Kim et al. 2008], tem-
poral flickering in animation [Bauer 2017], and stereo-consistency
[Bukenberger et al. 2018].

There has also been research into how humans perceive line draw-
ings and why artists place lines where they do. Cole et al. [2008] and
Hertzmann [2020, 2021] present insight on the human perception
of line drawings and their relation to feature line rendering. Cole
et al. [2008] suggest that existing feature line methods place lines
in locations similar to human artists, but that there are still dis-
crepancies. In contrast, the more recent work of Hertzmann [2021]
suggests that existing methods that place feature lines at edges or
discontinuities best estimate where people would draw lines.

Bridging the gap between line drawings and feature line render-
ing, Liu et al. [2020] present a feature line rendering method that
uses a machine learning based approach to learn where to place
feature lines. Their method maps geometric and view-based data of
a 3D model to line drawings, and provides a promising direction for
producing feature line renderings that are closer to what an artist
would draw.

For interested readers, Bénard and Hertzmann [2019]; DeCarlo
[2012] provide thorough surveys of the history and prior work on
contour visualization and feature line rendering.

2.2 Ray-based feature line rendering
Of the many feature line rendering methods, ray-based methods
[Choudhury and Parker 2009; Ogaki and Georgiev 2018] are partic-
ularly attractive. Their computational cost scales sub-linearly with
the complexity of the geometry, making them effective for feature
line rendering in the highly complex scenes used in production
rendering. Many modern production renderers [Pharr et al. 2018]
are based on ray and path sampling, allowing ray-based feature line
methods to integrate naturally into modern production workflows.
In general, ray-based methods use ray-object intersection tests

to determine where to draw feature lines. However, many of the
contours we would like to visualize are infinitesimally thin, and rays
are unable to directly intersect them. Instead, we can approximate
their location by comparing a query ray that we want to test line
intersection for, and one or more sample rays (see Fig. 3). If certain
properties of the query ray’s hit point and a sample ray’s hit point
are sufficiently different, there is likely a sharp change in value or a
discontinuity between them.
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Fig. 2. Various metrics can be used to draw feature lines that emphasize geometric and artistic properties of the scene. Here we demonstrate how depth,
surface ID, surface normal, and material albedo affect the lines drawn, and show how they can be combined to produce a more complete rendering that
captures the essence of the rendered image on the far right.
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Fig. 3. To determine if a query ray (a, blue) intersects a feature line, we
compare its hit point (b, blue) to the surface encapsulated in a region (b,
yellow). Computing the exact encapsulated region and comparing against
all points within that region is often infeasible in practice, so we make an
approximation using a finite number of ray samples (c, red). The samples
are then compared to the query ray’s hit point (c, blue), and the closest
sample with a feature line (d, red line) that intersects the ray is chosen.

In practice we can measure different types of metrics that help
identify discontinuities we want to visualize (see Fig. 2). For exam-
ple, discontinuities in surface ID and depth of the ray samples can
suggest the outline and intersections of objects, and sharp changes
in surface normal can suggest the presence of creases and folds
in a surface. For a perfectly accurate solution, we would want to
test the query ray against all rays within a line-width region of
screen-space, but we can make a reasonable approximation with a
finite number of samples (see Fig. 3). If several sample rays have
sufficiently different properties, their hit points can be projected
onto the query ray and sorted to determine the closest.
Choudhury and Parker [2009] introduced the first ray-based

method, and use a variant of cone tracing, called ray stencils, to
detect feature lines. Their method projects a screen-space stencil
the size of the desired feature lines into 3D space, creating a cone,
and this cone encapsulates the region of surface they test for feature
discontinuities. Their method, however, only considers a single, uni-
form line width and surfaces directly visible from the camera (see
Fig. 4). The method works well, but the fixed structure of the ray-
stencil can introduce aliasing, as well as artifacts in locations where
several contours meet. Additionally, the ray sampling required for
the stencil can be computationally expensive, and its fixed shape
makes it difficult to re-use samples from other nearby queries.

Ogaki and Georgiev [2018] expand upon the work of Choudhury
and Parker [2009] to include stochastically drawn ray samples, vari-
able line width and color, and feature lines for specular reflection
and refraction (see Fig. 4). A key insight is that modern path-based
renderers sample a large number of paths for each pixel, and these
paths can be stored in a screen-space cache and re-used for feature
line detection. Re-using the first edge of cached path samples is

essentially equivalent to using stochastic ray samples, and avoids
the overhead of explicitly sampling them. Cached paths can ad-
ditionally be leveraged for computing feature lines seen through
specular reflection and refraction by comparing specular bounces
at the same path depth.
Unfortunately, existing ray-based methods are unable to render

feature lines seen through physical effects like glossy reflections
or depth-of-field, and, in some cases, can produce strong artifacts
when such effects are present. These effects should result in blurry
feature lines, but as existing methods operate as a post-process in
screen-space, they incorrectly try to detect hard feature lines on
blurry data.

2.3 Physically-based rendering
In contrast, physically-based rendering methods handle effects like
glossy reflections and depth-of-field naturally. They simulate how
light behaves in the real world and are capable of generating photo-
realistic images for a virtual scene by calculating how much light
leaves light sources, bounces around the geometry, and reaches a
camera.

This process is formulated as an integral over all of the paths that
light could have traveled [Veach 1997],

𝐼 =

∫
P
𝑓 (x)dx , (1)

where x is a path, P is the space of all possible paths, and 𝑓 is the
path contribution function. A path of length 𝑘 is a sequence of 𝑘 + 1
vertices and 𝑘 edges that connect those vertices, x = [x0, · · · , x𝑘 ],
and the path contribution 𝑓 (x) is the product of edge-local transport
[ and vertex-local interactions 𝜌 (see Fig. 5),

𝑓 (x) =
𝑘∏
𝑖=1

[ (x𝑖−1, x𝑖 )
𝑘∏
𝑖=0

𝜌 (x𝑖 ) . (2)

In surface rendering, the edge transport [ (x𝑖−1, x𝑖 ) describes how
light transmits down the edge between two vertices x𝑖−1 and x𝑖 ,
and expands to a geometry term 𝐺 ,

[ (x, y) = 𝐺 (x, y) = 𝑉 (x, y)𝐷 (x, y)𝐷 (y, x)
∥y − x∥2

, (3)

where the visibility term𝑉 (x, y) is 1when there is visibility between
x and y and 0 otherwise, 𝐷 (x, y) is |nx ·𝜔xy | when on a surface, nx
is the surface normal at x, and 𝜔xy is the unit direction vector from
x towards y.

ACM Trans. Graph., Vol. 40, No. 6, Article ?. Publication date: December 2021.



?:4 • Rex West

Column 1 Column 2

3x2 grid of the differences in sampling and paths considered
Method Differences

Specular

Glossy

Diffuse

C
houdhury and Parker

Cone samples Paths considered

O
gaki and G

eorgiev
O

urs

Draft 1: Done

Specular

Fig. 4. A comparison of how Choudhury and Parker [2009], Ogaki and
Georgiev [2018], and our method generate samples for feature line intersec-
tion tests and the different types of paths considered. Choudhury and Parker
[2009] use a fixed stencil for generating samples and only consider the first
edge of paths. Ogaki and Georgiev [2018] use stochastically drawn samples
and additionally consider paths with specular prefixes. Our method also
uses stochastic sampling, but extends the feature line intersection test to
every edge of arbitrary paths, providing support for all paths in path-space.

Similarly, the vertex interaction 𝜌 (x𝑖 ) describes how light is scat-
tered at a vertex x𝑖 ,

𝜌 (x𝑖 ) =


𝐿𝑒 (x𝑘−1, x𝑘 ) if 𝑖 = 𝑘

𝑊 (x0, x1) if 𝑖 = 0
𝜌𝑠 (x𝑖−1, x𝑖 , x𝑖+1) if x𝑖 is on a surface

, (4)

where 𝐿𝑒 (x𝑘−1, x𝑘 ) is the emission term,𝑊 (x0, x1) is the sensor
responsivity term, and 𝜌𝑠 is the bidirectional scattering distribution
function.

Directly computing the analytical solution to Eq. (1) is infeasible
in practice, so we instead sample some finite number 𝑛 of paths
x ∼ 𝑝 and use Monte Carlo integration to make an approximation,∫

P
𝑓 (x)dx = E

[
𝑓 (x)
𝑝 (x)

]
≈ 1

𝑛

𝑛∑
𝑖=1

𝑓 (x𝑖 )
𝑝 (x𝑖 )

, (5)

and as the number 𝑛 of path estimates 𝑓 (x)
𝑝 (x) increases, the approxi-

mation converges to the true solution.
Readers interested in a more thorough introduction to physically-

based rendering can refer to Pharr et al. [2016].

3 PATH-BASED FEATURE LINE RENDERING
The path-based formulation used in physically based rendering
naturally handles physical phenomena like glossy reflections and
depth-of-field. By formulating feature line rendering in the frame-
work of paths we can leverage the path integral to render feature
lines in the presence of these effects.

We first consider how to achieve the behavior of existing methods
in the context of PBR. This leads us to two key observations that
provide insight on how to seamlessly incorporate feature lines into
a path-based formulation.

Observation 1: When considered in the context of paths, existing
methods treat feature lines as a light source.

Column 1 Column 2

Basic elements and equation terms of light transport on a scene/path
Path
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Fig. 5. The terms of the path contribution function Eq. (2) expanded onto a
path light could have travelled.
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Fig. 6. Each edge of a path is tested for feature line intersection. If an
intersection is found, the path is modified to place an emission vertex at
the location of the intersection. The throughput and probability density of
the modified path can then be computed to determine its contribution to
the rendered image.

Existing ray-based methods effectively consider a limited subset
of all possible paths. Choudhury and Parker [2009] consider paths
with a single edge, and Ogaki and Georgiev [2018] additionally
consider paths with specular prefixes1 (see Fig. 4).
If we consider these two subsets of paths we see that their path

sample contribution reduces to,

𝑓 (x)
𝑝 (x) = 𝐿𝑒 (x0, x1) and

𝑓 (x)
𝑝 (x) =

𝑘−1∏
𝑖=1

𝛼𝑖𝐿𝑒 (x𝑘−1, x𝑘 ) , (6)

for a single edge and specular prefixes respectively (see Appendix B
for complete assumptions and derivations).
When a feature line is detected on immediately visible surfaces,

i.e. a single edge, the existing methods replace the path sample
contribution with a user-specified line color 𝑐 , such that 𝑓 (x)

𝑝 (x) = 𝑐 .
Similarly, when a feature line is detected in a specular reflection, i.e.
specular prefixes, the user-specified line color 𝑐 is "tinted" by the
color of the specular surface, such that 𝑓 (x)

𝑝 (x) =
∏𝑘−1

𝑖=1 𝛼𝑖𝑐 .
In both cases we see that setting,

𝐿𝑒 (x𝑘−1, x𝑘 ) = 𝑐 , (7)

in Eq. (6) preserves the same look-and-feel of existing methods in
the context of paths.

In other words, existing methods effectively treat feature lines as
a light source.

Observation 2: The feature line intersection test can be performed
for an arbitrary edge and is not limited to screen-space.

While feature lines are view-dependent by construction, they
are not limited to being viewed from the camera. The feature line
intersection test of existing methods is performed in the context of a
ray-segment. For immediately visible surfaces this is the ray segment
from the camera to the first intersection point. For specular prefixes,

1A path with specular interactions at every vertex from the sensor up to a given vertex.
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these are the ray segments that start at each specular surface and
end at each next intersection point.

As path edges are ray-segments, we can use the same algorithm
to test for feature line intersection at an arbitrary path edge.

Proposed method. Given these observations, we generalize feature
line rendering to paths by,

(1) testing each edge of a path, starting from the sensor, for
intersection with feature lines, and

(2) modeling intersected feature lines as ideal emitters that absorb
all incoming light and emit a user specified color2.

This process results in ordinary paths that preserve the look-and-
feel of existing methods while also supporting new physical effects.
Furthermore, since they are ordinary paths, we can use them as
path samples in an ordinary Monte Carlo estimator Eq. (5).

Algorithm 1: Physically-based feature line rendering
Input: Number of path samples per pixel per pass 𝑛
/* Without Path Caching */

1 for 𝑝𝑖𝑥𝑒𝑙 ∈ 𝑖𝑚𝑎𝑔𝑒 do
2 for 𝑖 ← 1 to 𝑛 do
3 𝑝𝑎𝑡ℎ = tracePath(𝑝𝑖𝑥𝑒𝑙)
4 𝑝𝑎𝑡ℎ′ = modifyPath(𝑝𝑎𝑡ℎ) // Algorithm 2

5 𝑖𝑚𝑎𝑔𝑒 [𝑝𝑖𝑥𝑒𝑙 ] .𝑎𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒 (f(𝑝𝑎𝑡ℎ′)/p(𝑝𝑎𝑡ℎ′))

/* With Path Caching */

6 for 𝑝𝑖𝑥𝑒𝑙 ∈ 𝑖𝑚𝑎𝑔𝑒 do
7 for 𝑖 ← 1 to 𝑛 do
8 𝑝𝑎𝑡ℎ = tracePath(𝑝𝑖𝑥𝑒𝑙)
9 𝑐𝑎𝑐ℎ𝑒 [𝑝𝑖𝑥𝑒𝑙 ] .𝑎𝑑𝑑 (𝑝𝑎𝑡ℎ)

10 for 𝑝𝑖𝑥𝑒𝑙 ∈ 𝑖𝑚𝑎𝑔𝑒 do
11 for 𝑝𝑎𝑡ℎ ∈ 𝑐𝑎𝑐ℎ𝑒 [𝑝𝑖𝑥𝑒𝑙 ] do
12 𝑝𝑎𝑡ℎ′ = modifyPath(𝑝𝑎𝑡ℎ, 𝑐𝑎𝑐ℎ𝑒) // Algorithm 2

13 𝑖𝑚𝑎𝑔𝑒 [𝑝𝑖𝑥𝑒𝑙 ] .𝑎𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒 (f(𝑝𝑎𝑡ℎ′)/p(𝑝𝑎𝑡ℎ′))

3.1 Implementation
In this section we provide implementation details and discuss prac-
tical considerations of the proposed method. In Algorithms 1 to 3
we provide steps for incorporating feature lines into a path tracer.

3.1.1 Sampling feature line-aware paths. In practice, there are two
ways to include feature lines into path sampling: test for feature
lines as we generate the path, or generate the path using an out-of-
the-box sampler, and then correct it (see Algorithm 2). The former
requires implementing a feature line specific path sampler. As fea-
ture lines are tested for during path generation, it can be difficult
to leverage performance optimizations that cache and re-use other
nearby paths. The latter, on the other hand, allows us to use existing
path samplers without modification. These paths can be cached
[Ogaki and Georgiev 2018] and efficiently re-used to test for feature
lines, amortizing the sampling cost, with the downside of potentially
generating longer paths than necessary (see Fig. 6).
2Black feature lines, as they neither emit nor reflect light, are more precisely described
as ideal absorbers.

Algorithm 2:Modifying a path to intersect feature lines
1 Function modifyPath(𝑝𝑎𝑡ℎ, 𝑐𝑎𝑐ℎ𝑒):
2 for 𝑒𝑑𝑔𝑒 ∈ 𝑝𝑎𝑡ℎ do // starting from sensor
3 𝑙𝑖𝑛𝑒 = intersectLine(edge, cache) // Algorithm 3

4 if 𝑙𝑖𝑛𝑒 then
5 𝑒𝑑𝑔𝑒.𝑒𝑛𝑑 = emissionVert(line.pos, line.color)
6 𝑝𝑎𝑡ℎ = removeEdgesAfter(path, edge)
7 break

8 return path

3.1.2 Computing the PDF of a modified path. When a feature line
is found, we modify the structure of the path to end at an emission
vertex that represents that feature line. Since we have modified the
path, we will need to recompute the probability density.
For path tracing [Kajiya 1986], this is straightforward. The up-

dated PDF can be computed by treating the path as if it was explicitly
sampled vertex-by-vertex starting from the sensor. For a modified
path x′ of length 𝑘 ′, its PDF is,

𝑝 (x′) = 𝑝 (x0, · · · , x𝑘′) = 𝑝 (x0)𝑝 (x1 |x0)
𝑘′∏
𝑖=2

𝑝 (x𝑖 |x𝑖−1, x𝑖−2) . (8)

Note that the PDF does not take into account the stochastic sampling
of rays used to test for the feature line. This is essentially a stochastic
intersection test, and, if none of the ray samples find the closest
feature line, the updated path will be biased. We further quantify
and discuss this bias in Section 3.1.5.
Other path sampling methods require more care. For example,

in light tracing, paths are sampled vertex-by-vertex starting from
a light source. As an out-of-the-box light tracing path sampler is
unaware of feature lines as light sources, it will never generate a
path starting at a feature line. Solving for the probability density of
a modified path x′ would require marginalization that often has no
closed-form solution in practice.

We leave the exploration of other path samplingmethods to future
work.

3.1.3 Feature line width. We can express the width of feature lines
in several ways, and each will affect how we test for feature line
intersections down a path. Feature line width expressed in object-
space will maintain a consistent width in 3D space, and the closer
they are to the camera the larger they will appear. Feature line
width expressed in screen-space, on the other hand, maintains a
consistent width on the screen regardless of how far objects are
from the camera.
To view screen-space lines from the camera, we can project the

screen-space line width into 3D space, forming a cone [Choudhury
and Parker 2009]. This works well for immediately visible surfaces,
however, preserving screen-space width for reflections and edges
deeper in a path is less straightforward. For example, if we are
viewing feature lines reflected by a sphere, wewould need to account
for the surface curvature of the encapsulated region (see Fig. 7). In
general, it can be challenging to calculate the exact region of surface
to test against, and the problem compounds at edges deeper in a
path.
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Algorithm 3: Feature line intersection test3

Input:𝑚 number of samples for the intersection test
Output: Line struct with position, depth, and color of the

intersected feature line, or null if none found
1 Function intersectLine (𝑒𝑑𝑔𝑒 , 𝑐𝑎𝑐ℎ𝑒):
2 𝑟𝑒𝑔𝑖𝑜𝑛 = computeTestRegion(𝑒𝑑𝑔𝑒) // Section 3.1.3

3 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 = sampleRegion(𝑟𝑒𝑔𝑖𝑜𝑛, 𝑐𝑎𝑐ℎ𝑒,𝑚)
4 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 = Line(null, +∞,null)
5 for s ∈ 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 do
6 𝑙𝑖𝑛𝑒 = lineMetric(𝑒𝑑𝑔𝑒, s)
7 if 𝑙𝑖𝑛𝑒 and 𝑙𝑖𝑛𝑒.𝑑𝑒𝑝𝑡ℎ < 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 .𝑑𝑒𝑝𝑡ℎ then
8 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 = 𝑙𝑖𝑛𝑒

9 return closest

10 Function lineMetric (𝑒𝑑𝑔𝑒 , 𝑠):
11 p = 𝑒𝑑𝑔𝑒.𝑠𝑡𝑎𝑟𝑡 , q = 𝑒𝑑𝑔𝑒.𝑒𝑛𝑑

12 if satisfiesMetric(q, s) then // Section 3.1.4
13 x = argmin

v∈{q,s}
∥p − projectOnto(v, 𝑒𝑑𝑔𝑒) ∥

14 q′ = projectOnto(x, 𝑒𝑑𝑔𝑒)
15 return Line(q′, ∥p − q′ ∥, x.𝑙𝑖𝑛𝑒𝐶𝑜𝑙𝑜𝑟 )
16 return null

Themethod of Ogaki andGeorgiev [2018] overcomes this issue for
paths with specular prefixes by comparing projected path samples
directly in screen-space (see Fig. 7). Unfortunately, this method does
not work for paths with diffuse and glossy reflections.
Rather than try to compute an exact solution for preserving

screen-space line width for arbitrary edges, we propose a heuristic
that works reasonably well in practice. The 2D screen-space line
widths can be projected into 3D object-space forming a cone. This
cone can be extended down the path to approximately preserve the
screen-space line width coherency,

𝑤𝑠𝑐𝑎𝑙𝑒𝑑 = 𝑑 · 𝑝𝑤𝑖𝑑𝑡ℎ ·𝑤𝑠𝑐𝑟𝑒𝑒𝑛 , (9)

where𝑤𝑠𝑐𝑎𝑙𝑒𝑑 is the line width scaled to object-space, 𝑑 is the dis-
tance down the path edges from the first vertex to the point on
the path where we want to measure the line width, 𝑝𝑤𝑖𝑑𝑡ℎ is the
pixel width in object-space at a distance of 1 from the camera, and
𝑤𝑠𝑐𝑟𝑒𝑒𝑛 is the line width in screen-space.

Given this heuristic the feature line test region of Algorithm 3
is a cone-segment, where the opening and closing radii are the
scaled line widths at the starting and ending vertices of the edge
respectively. When using variable line width the radii of the cone
segment should be large enough to encapsulate the largest possible
line width.

Some care needs to be taken to make sure ray samples generated
with a cone-segment do not start below the surface. In our imple-
mentation, a ray is sampled by first sampling a point on the opening
disk and then computing the direction towards the corresponding
point on the closing disk. Once a ray sample is generated we move

3For brevity we consider a single line width. Testing for varying line widths requires
verifying independently if the lines at q and s would intersect the edge.

Column 1 Column 2

Why maintaining is hard at deeper edges
Screen-space Line Width IssueFinal 1: Done

Ours

Flat Surface

Ogaki and Georgiev OursOgaki and Georgiev

Curved Surface

Fig. 7. The heuristic presented in Eq. (9) can potentially over or underes-
timate the screen-space line width. For objects reflected by a flat surface
both the method of Ogaki and Georgiev [2018] and our heuristic preserve
screen-space line width. For curved surfaces Ogaki and Georgiev [2018]’s
method (gray) correctly accounts for surface curvature while our heuristic
(red) underestimates the line width.

its origin forward down the ray until it is no longer below the sur-
face. Ray samples that both start below and face away from the
surface are rejected.

3.1.4 Feature line metrics. Different metrics can be used to visualize
different discontinuities. If a single metric is unable to achieve the
desired style it is possible to combine several into a composite metric
(see Fig. 2). In Fig. 8 we demonstrate the metrics used for the results
in this paper over a range of parameters.
For the results in this paper we use a variation of the metrics

proposed by Choudhury and Parker [2009]; Ogaki and Georgiev
[2018] and combine them by taking their max term (i.e. if any metric
would return true the combined metric returns true):

MeshID : 𝑖𝑑q ≠ 𝑖𝑑s (10)

Albedo :
��𝑎q − 𝑎s�� > 𝑡𝑎𝑙𝑏𝑒𝑑𝑜 (11)

Normal : (1.0 − ®𝑛q · ®𝑛s) > 𝑡𝑛𝑜𝑟𝑚𝑎𝑙 (12)

Depth :
��𝑑q − 𝑑s�� > 𝑡𝑑𝑒𝑝𝑡ℎ (13)

where we compare an edge represented by a start vertex p, an end
vertex q, and a ray ®pq, to a sample vertex s, the variables 𝑖𝑑□, 𝑎□,
®𝑛□, and 𝑑□ are the mesh ID, albedo, surface normal, and depth for
a given vertex, and 𝑡□ are user-defined, metric-specific thresholds.
Choudhury and Parker [2009] suggest that the depth threshold

𝑡𝑑𝑒𝑝𝑡ℎ should be implemented as a function. For the results in this
paper we use the following heuristic with 𝛽 = 2,

𝑡𝑑𝑒𝑝𝑡ℎ = 𝛽 min(𝑑q, 𝑑s)∥ ®ps − ®pq∥/| ®pq · ®𝑛𝑐𝑙𝑜𝑠𝑒𝑠𝑡 |. (14)

where 𝛽 is a user-defined scaling factor, and ®𝑛𝑐𝑙𝑜𝑠𝑒𝑠𝑡 is the surface
normal of either q or s, whichever is closer to the edge start vertex
p. This heuristic scales with both the distance from the origin of
the query ray, as well as the angle incident to the surface at the
intersection point, reducing overly dense lines on far away, finely
detailed geometry and on surfaces near parallel to the query ray.

3.1.5 Approximating the feature line test. A ray can potentially
intersect zero or more feature lines. To accurately determine the
closest feature line a ray intersects, we must compare the ray’s hit
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Column 1 Column 2

Compares various parameters for the depth, normal, and albedo metrics
Metric Parameter AblationDraft 1: Done?

D
epth(
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Fig. 8. Artists can control the level of detail of rendered lines by adjusting the threshold of the line metrics. Here we demonstrate a range of common thresholds
for the depth, normal, and albedo metrics in Eqs. (11) to (13). We have found depth 𝛽 = 2.0, 𝑡𝑛𝑜𝑟𝑚𝑎𝑙 = 0.08, and 𝑡𝑎𝑙𝑏𝑒𝑑𝑜 = 0.1 work well in practice.

Column 1 Column 2

Comparison of different sample counts per kernel
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Fig. 9. Using a finite number of ray samples to estimate the feature line test results in visible bias that manifests as feature lines appearing thinner and
partially transparent. Increasing the number of samples reduces this bias, but at the cost of more computational overhead. In practice we found that 16-32 ray
samples works well for most rendering scenarios, with thicker lines tending to require more samples than thinner lines.

Column 1 Column 2

Sub details
Undesirable DarkeningDraft 1: Done

(a) (b) (c) (d)

Fig. 10. Testing for feature lines at every edge of a path can result in a
shading-like effect that is undesirable in some applications. This can be
alleviated by limiting which surfaces and materials reflect feature lines.
Image (a) tests for feature lines on only immediately visible surfaces, (b)
adds specular reflection and refraction, (c) adds glossy reflections, and (d)
reflects feature lines on all surfaces. In particular, image (d) appears more
like a shaded image than a line drawing.

point to all of the points that lie within some portion of surface (see
Fig. 3b). Comparing to all points for an exact solution is not possible
in practice.

Existing ray-based feature line methods, as well as ours, approxi-
mate this with a finite number of samples. Given some conditions
hold (see Appendix A), as we keep increasing the number of samples

we will eventually find the closest feature line. The more samples we
use, the more likely we are to have sampled a location that results
in the correct feature line, and as a result, the more accurate the
render is.
However, this finite sample approximation introduces bias. In

practice, the bias introduced by this approximation is manifested as
lines being slightly transparent, allowing lines below them, or the
surface below them, to be partially visible. In Fig. 9 we quantify this
bias over several difference sample counts and empirically demon-
strate that the bias diminishes as the sample count is increased.

3.1.6 Selective reflection of feature lines. By treating feature lines
as light sources, some areas of the rendered image, particularly
diffuse surfaces, may end up with a shaded appearance according
to the feature line’s color. In some artistic applications, this can be
undesirable. One way to overcome this is to specify which surfaces
and materials reflect feature lines. In our implementation we specify
this as a boolean shader flag, and stop feature line detection for a
path at the first vertex that does not reflect feature lines. In Fig. 10
we demonstrate the effect of limiting feature line reflection.
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Column 1 Column 2

Main Comparison 1Final 1: Done
Choudhury and Parker

1749.01 seconds

Ours (limited) Ours (full) Path Tracing

(a)

847.33 seconds 837.33 seconds 1720.49 seconds

Ogaki and Georgiev

Column 1 Column 2

Main Comparison 2Final 1: Done

1712.50 seconds

(b)

930.05 seconds 2327.50 seconds 3269.10 seconds

Fig. 11. We compare two variants of our method, one that limits feature line tests to certain path edges (Ours (limited)) , and one that tests all path edges
(Ours (full)), to the methods of Choudhury and Parker [2009] and Ogaki and Georgiev [2018]. The method of Choudhury and Parker [2009] lacks specular and
glossy reflections, but handles depth-of-field reasonably well. The method of Ogaki and Georgiev [2018] is significantly more performant due to efficient
sample re-use, but has strong artifacts in areas that are out of focus, or have glossy reflections. Our method handles both robustly. Rightmost images show the
path traced result.

4 RESULTS AND DISCUSSION
In this section we compare our method against existing work in
several scenes representative of common rendering scenarios. We
additionally demonstrate the robustness of our method under vary-
ing intensities and combinations of different physical effects.
We implemented our method on a CPU-based spectral renderer,

using unidirectional path tracing [Kajiya 1986] for the path sampler,
MIS spectral importance sampling for wavelength sampling [Wilkie
et al. 2014; West et al. 2020], and RGB assets were spectral up-
sampled [Jakob and Hanika 2019]. All images in this paper were
rendered on a single workstation with a 10-core Intel i9-7900X
and 32GB of 2666 Mhz DDR4 memory. The implementation of our
method supports variable line width and color, programmable line
metrics, and the screen-space cache of Ogaki and Georgiev [2018].

Comparison to existingmethods. In Fig. 11we compare ourmethod
to thework of Choudhury and Parker [2009] andOgaki andGeorgiev
[2018] on two different scenes. In row (a) we provide a demonstra-
tion of the capabilities of each method on a simple scene with only
specular reflection and refraction. In row (b) we provide a chal-
lenging scenario for existing work with strong physical effects that
demonstrate the capabilities of our method.
In Fig. 11 (a), for Ours (limited), feature lines are rendered only

for those paths supported by Ogaki and Georgiev [2018]. For Ours
(full), feature lines are tested at every edge of every path. Each
render is 960 by 960 pixels, received 500 path samples per pixel, and

approximately 10 ray samples per feature line test. The path traced
image provides a representation of the scene’s lighting, geometry,
and materials.

Here, the method of Choudhury and Parker [2009] renders clean
lines for immediately visible surfaces, but lacks feature lines seen
through specular and glossy reflections (see the red inset). Addition-
ally, their method shows aliasing artifacts along the far-plane of the
rendered image due to the fixed shape of the ray stencil (see the blue
inset). The method of Ogaki and Georgiev [2018] adds feature lines
for specular interactions, shows significant performance improve-
ment over the method of Choudhury and Parker [2009], and, due
to their stochastic sampling process, does not suffer from aliasing
artifacts. Ours (limited) has near-identical performance to Ogaki
and Georgiev [2018] since we can selectively leverage the same path
caching scheme when appropriate. Ours (full) performs the feature
line test for every edge of every path, resulting in a shaded effect,
especially on diffuse and rough glossy surfaces.
In Fig. 11 (b) the methods of Choudhury and Parker [2009] and

Ogaki and Georgiev [2018] were used for feature line detection
on a scene with strong depth-of-field and glossy reflection effects.
Specifically for the method of Ogaki and Georgiev [2018], the screen-
space cache stored paths with glossy reflection in addition to those
with specular reflection and refraction. For Ours (limited), feature
lines are rendered for the paths supported by Ogaki and Georgiev
[2018] and additionally glossy reflections.
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Column 1 Column 2

Final 1: Done Artistic Options and Other Effects

(b)

(d)

(c)(a)

(f)(e)

Fig. 12. Different line settings and physical effects can be combined creatively to achieve different artistic expressions. Here, (a) is path traced, (b) adds
feature lines, (c) specifies line widths and colors, (d) limits feature line reflection to only some surfaces, (e) introduces a physical lens model, and (f) adds
wavelength-dependent refraction to the lens. The insets highlight areas of visible change from each preceding image.

Column 1 Column 2

Intensity of EffectFinal 1: done
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Fig. 13. Our method is capable of rendering feature lines even in the pres-
ence of strong physical effects. Here we demonstrate how material rough-
ness, wavelength-dependent scattering, and different lens apertures affect
how feature lines are rendered.

The method of Choudhury and Parker [2009], due to explicitly
sampling rays for each ray stencil, plausibly renders feature lines
in out-of-focus regions, but lacks the glossy reflection on the floor.
The method of Ogaki and Georgiev [2018], due to its screen-space
formulation, produces strong artifacts for both out-of-focus regions
and the glossy reflection on the floor. In contrast, our method suc-
cessfully captures the physical aspects of the scene in the rendered
feature lines.

Artistic options. Fig. 12 demonstrates how various effects can be
creatively combined to produce compelling rendered images. Image
(a) shows the scene rendered as-is with path tracing. Image (b) uses
our method to render feature lines at every bounce of every path
with a single line width and color. Image (c) introduces variable line

width and color, resulting in some surfaces being visibly affected by
the color of the feature lines. To alleviate this, in image (d), we set
the material flags to only reflect feature lines on certain surfaces,
cleaning up much of the "shading" effect of our method. Image (e)
changes from a pinhole camera to a physical lens model, causing
the portions of the scene that are far from the focal plane to defocus.
Lastly, image (f) adds in wavelength-dependent refraction to the
lens, causing a subtle rainbow effect around the edges of objects.
The insets of each image highlight areas of significant change from
the preceding image.

Intensity of effect. In Fig. 13, we demonstrate how varying intensi-
ties of physical effects affect feature lines rendered with our method.
In the first column of insets, we adjust the roughness parameter of
the plane on the floor to simulate varying levels of glossiness. In the
second column, we modulate the wavelength-dependent index of re-
fraction of the prism to simulate materials with varying amounts of
angular dispersion. In the third column, we change the lens aperture
diameter to defocus parts of the scene further from the focal plane.
In particular, the second column of insets show feature lines of the
alarm clock seen through wavelength-dependent refraction and
glossy reflection. Our path-based method makes rendering feature
lines for these types of complex interactions possible.

5 LIMITATIONS AND FUTURE WORK
Themethodwe present in this paper samples paths vertex-by-vertex,
starting from the sensor. This makes computing the PDF of modi-
fied paths straightforward, but can be an inefficient path sampling
method for scenes with complex occlusion and lighting. Other path
sampling methods, such as bidirectional path tracing, excel at such
scenes, but computing the probability density of modified paths
under these methods can be challenging. Exploring the feasibility
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of using new path sampling methods in our feature line rendering
method would be an interesting avenue of research.

Preserving screen-space line width of feature lines seen through
reflections can be challenging due to variations in surface curvature.
We present one heuristic that extends the feature line width down
the entire path. This heuristic works well in practice, but can result
in some feature lines, particularly those at deeper edges of a path,
being drawn thicker or thinner than desired. Feature line tests that
more accurately approximate screen-space line width at deeper
edges of paths would improve line width coherency.
Ray casting for feature line tests can be expensive. Ogaki and

Georgiev [2018] introduce screen-space caching that works well for
immediately visible surfaces and specular reflection, but provides
little benefit for feature line tests at edges deeper in a path. One
potential solution is to cache path vertices in a spatial acceleration
structure, such as a Bounding Volume Hierarchy (BVH), and use a
cone-segment to query for cached vertices [Wiche and Kuri 2020].
Such cone-BVH queries, however, are generally more computation-
ally expensive than ray-BVH queries. Exploration of the trade-off
between ray-BVH queries and cone-BVH queries in the context of
feature line rendering could lead to improved performance.

As discussed by [Ogaki and Georgiev 2018], correct rendering of
feature lines for occluded surfaces is challenging. These surfaces are
not visible from the query ray during a feature line intersection test,
and, though their feature lines may intersect the query ray, will not
be included in the region tested. One solution is to continue each
query ray through each surface, gathering all intersection points
along the ray, but this can significantly increase computational cost.
New methods to efficiently determine feature line intersections
for occluded surfaces would improve the robustness and temporal
coherency of feature line rendering.

Modeling feature lines as light sources preserves the look-and-feel
of the existing methods, and opens up feature lines to new physical
effects. However, this model limits the style of feature lines that
can be rendered. In some artistic applications it may be desirable
to render feature lines that have transparency or even reflect light.
A formulation that supports such additional functionality would
further improve the creative expression of physically-based feature
lines.

Cole et al. [2006] explore stylized focus, a method for directing the
viewer’s gaze in stylized renderings. Some of the effects presented in
this paper, such as lens blur and spectral dispersion, de-emphasize
regions of the rendered image and can potentially be used in appli-
cations of stylized focus. Further study of the perceptual aspects of
the proposed method would assist artists in evaluating if it meets
their needs.

6 CONCLUSION
In this paper we presented a novel, path-based method that brings
feature line rendering, a classically non-photorealistic technique,
into PBR by modeling feature lines as view-dependent, implicit
light sources. This expands feature line rendering to a wide vari-
ety of physical effects, such as lens blur and dispersion, that were
previously approximated through screen-space post-processes and
compositing. Those effects can now be accurately simulated and

seamlessly combined, opening up new avenues of creative expres-
sion for artists. We believe that the method presented in this paper
is a step towards unifying the expressiveness of NPR and the cor-
rectness of PBR, and that there is great potential for future research
in this direction.
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A STOCHASTIC APPROXIMATION OF FEATURE LINES
The stochastic approximation of the feature line intersection test
results in bias. Let us show that this bias vanishes as the number of
samples 𝑘 grows large.
Let 𝑚 : R𝑛 → R denote the Lebesgue measure. Let q, r ∈ R3

denote vertices, and let ®qr denote the ray from q to r. Let 𝑆 be
the finite area region of surface encapsulated by the feature line
intersection test for some ray ®qr, and𝑇 be the sub-region that, when
tested against produces the unoccluded feature line closest to q, such
that 𝑇 ⊂ 𝑆 and 0 < 𝑚(𝑇 ) < 𝑚(𝑆) < ∞. Let 𝑓 : 𝑆 → R be a function
constant on 𝑇 that maps vertices x to a feature line identifier 𝑐 . Let
us assume there is a feature line identifier 𝑐 ∈ R such that 𝑓 (x) = 𝑐

for all x ∈ 𝑇 . Let 𝑝 : 𝑆 → R be a probability density function such
that 𝑝 (x) > 0 for all x ∈ 𝑆 , and let 𝜖 = 𝑃 (x ∈ 𝑇 ) =

∫
𝑇
𝑝 (x)dx.

If we independently select 𝑘 vertices x1, · · · , x𝑘 ∼ 𝑝 (x) from 𝑆 ,

𝑃 (𝑐 ∉ {𝑓 (x1), · · · , 𝑓 (x𝑘 )}) =
𝑘∏
𝑖=1

𝑃 (𝑓 (x𝑖 ) ≠ 𝑐) (15)

≤ (1 − 𝜖)𝑘 (16)
≤ exp(−𝜖𝑘) , (17)

since for any 𝑖 , 𝑃 (𝑓 (x𝑖 ) = 𝑐) ≥ 𝑃 (x𝑖 ∈ 𝑇 ) = 𝜖 .
Therefore, we can say that 𝑐 ∈ {𝑓 (x1), · · · , 𝑓 (x𝑘 )} happens with

high constant probability when 𝑘 ∼ 𝑂 (1/𝜖), and, as both 𝑆 and 𝑇
have finite, non-zero measure,

lim
𝑘→∞

𝑃 (𝑐 ∉ {𝑓 (x1), · · · , 𝑓 (x𝑘 )}) = 0 , (18)

and the bias vanishes as 𝑘 grows large.

B MODELING FEATURE LINES AS LIGHT SOURCES
We show that, for a limited subset of paths, the setting the emission
term 𝐿𝑒 (x𝑘−1, x𝑘 ) to the user-specified line color 𝑐 preserves the
behavior of existing methods.

We assume paths are sampled vertex-by-vertex starting from the
sensor, with perfect importance sampling for the sensor responsivity
term𝑊 , the geometry terms 𝐺 , and BSDF terms 𝜌𝑠 . Furthermore,
we assume a perspective camera, though the following holds for
other camera models where perfect importance sampling is possible.

B.1 Immediately visible surfaces
𝑓 (x)
𝑝 (x) =

𝜌 (x0)[ (x0, x1)𝜌 (x1)
𝑝 (x0, x1)

(19)

=
𝑊 (x0, x1)𝐺 (x0, x1)𝐿𝑒 (x0, x1)

𝑝𝑊 (x0, x1) 𝐷 (x1,x0)| |x0−x1 | |2
(20)

=
������1
𝐴𝑖𝐴𝑙𝐷 (x0,x1)4������𝐷 (x0,x1)𝐷 (x1,x0)

| |x0−x1 | |2 𝐿𝑒 (x0, x1)

������1
𝐴𝑖𝐴𝑙𝐷 (x0,x1)3����𝐷 (x1,x0)

| |x0−x1 | |2
(21)

= 𝐿𝑒 (x0, x1) , (22)

where 𝑓 (x)
𝑝 (x) is the path sample contribution, 𝐴𝑖 is the surface area

of the pixel, 𝐴𝑙 is the surface area of the lens, 𝑝𝑊 (x, y) is the sensor
responsivity pdf for the the vertex x and the direction𝜔xy. For other
terms, see Section 2.3.

In the case of immediately visible surfaces, by setting 𝐿𝑒 (x0, x1) =
𝑐 the path sample contribution will be exactly the line color 𝑐 which
preserves the behavior of both [Choudhury and Parker 2009] and
[Ogaki and Georgiev 2018] as desired.

B.2 Specular prefixes

𝑓 (x)
𝑝 (x) =

∏𝑘
𝑖=1 [ (x𝑖−1, x𝑖 )

∏𝑘
𝑖=0 𝜌 (x𝑖 )

𝑝 (x0, · · · , x𝑘 )
(23)

=
𝑊 (x0, x1)

∏𝑘
𝑖=1𝐺 (x𝑖−1, x𝑖 )

∏𝑘−1
𝑖=1 𝜌𝑠 (x𝑖 )𝐿𝑒 (x𝑘−1, x𝑘 )

𝑝𝑊 (x0, x1) 𝐷 (x1,x0)| |x0−x1 | |2
∏𝑘

𝑖=2 𝑝 (x𝑖 |x𝑖−1, x𝑖−2)
(24)

=
������1
𝐴𝑖𝐴𝑙𝐷 (x0,x1)4�

���𝐷 (x0, x1)�������∏𝑘
𝑖=1

𝐷 (x𝑖 ,x𝑖−1)
| |x𝑖−1−x𝑖 | |2

������1
𝐴𝑖𝐴𝑙𝐷 (x0,x1)3�������∏𝑘

𝑖=1
𝐷 (x𝑖 ,x𝑖−1)
| |x𝑖−1−x𝑖 | |2∏𝑘−1

𝑖=1 𝛼𝑖((((((((
𝛿 (1 − 𝜔𝑖 · 𝑟 (𝜔𝑖−1))𝐿𝑒 (x𝑘−1, x𝑘 )

((((((((((∏𝑘−1
𝑖=1 𝛿 (1 − 𝜔𝑖 · 𝑟 (𝜔𝑖−1))

(25)

=

𝑘−1∏
𝑖=1

𝛼𝑖𝐿𝑒 (x𝑘−1, x𝑘 ) (26)

where 𝜔𝑖 is the direction from x𝑖 to x𝑖+1, 𝑟 (𝜔) is the appropriate
reflected or refracted direction for 𝜔 . Note the geometry term 𝐺

does not have a 𝐷 term for specular interactions.
In the case of specular prefixes, by setting 𝐿𝑒 (x𝑘−1, x𝑘 ) = 𝑐 , and

only requiring that 0 ≤ 𝛼𝑖 ≤ 1, Eq. (26) preserves the "color tinting"
behavior of Ogaki and Georgiev [2018]. Additionally, when 𝛼𝑖 are
all 1, Eq. (26) simplifies to exact color replacement.
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